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1. INTRODUCTION 

In the everlasting existence of the universe, movement is the essence of everything. 

From giant galaxies moving through the dark abyss called space to microscopic particles 

moving around each other, motion lies behind every corner we look. To catch a glimpse of 

what is happening around us, it is mandatory to understand the dynamic phenomenon of 

motion. Displacement, the fundamental shift in position, helps us understand the core of 

movement, while its derivatives give us a option to widely examine the details of the main 

displacement. 

 This extended essay will be a dive into the world of kinematics, looking into the 

details of motion as far as we are able to comprehend. As acceleration is the highest derivative 

we use in equations, others are usually not taken into account, even though they are in every 

daily life example we can find. Let’s consider a normal car for such an example, when it is 

used in a problem, the driver is said to give a constant acceleration to the car by holding his 

feet right in the place. But in our daily life, no one ever keeps their feet pushing constantly. 

What that means is that acceleration is also changing per unit time in such an example.   

 In this essay, my aim is to create a movement experiment that will involve an 

acceleration that is changing over time. For such experiment, a displacement that has two 

factors is needed. Because of this, falling of a chain from the edge of a table is the perfect 

example because as the chain is falling, its falling part gets larger which makes it speed up, 

and also the mass of its part moving on the table is decreasing which means the friction force 

acting on it is decreasing, thus making it speed up. As it speeds up at an increasing speed, we 

could say that its acceleration is increasing as well. This makes the perfect example to 

investigate as even though it is known that its acceleration is increasing over time, we do not 

know its rate, so the increase of acceleration might be increasing over time as well! 
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1.1. Research Question 

How does change in the mass rate of the falling part of the chain affect the rate of 

change of acceleration under the conditions that the total mass and length of the chain are 

controlled? 

1.2. Hypothesis 

I believe that in this experiment, as we find the rate in which the displacement is 

occurring, we will be able to find that the acceleration is increasing exponentially over time, 

with this, we will be able to comprehend the motion fully, thus proving that higher derivatives 

of motion could be found anywhere, even in a basic falling movement, especially in the ones 

that friction takes part. The importance of this topic in frictional instances proves that this 

topic is necessary in real life as there is no “ignoring the frictional force” such as the ones 

used to study the topics of mechanic. 

1.3. Personal Engagement 

As a mathematics and physics higher level student, I have always loved to investigate, 

and even overlap, concepts from both subjects. When I learned about derivatives, the first 

thing that came to my mind was how velocity was the derivative of displacement and 

acceleration was the derivative of velocity. Then I asked myself if there was any further 

derivative of displacement, and I was right. To find out how they can be implemented into real 

life, I started researching for a suitable experiment, and then I found about a chain falling 

from the side of a table.



1 Contributor, TechTarget. “What Is Kinematics?: Definition from TechTarget.” WhatIs, TechTarget, 4 May 2018,  

2
“Motion of Free Falling Object.” NASA, NASA, 21 July 2022, www1.grc.nasa.gov/beginners-guide-to-aeronautics/motion-

of-free-falling-object/ 
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2. BACKGROUND INFORMATION 

2.1. Kinematics and accelerated motion in one dimension 

Kinematics is the study of the motion of mechanical points, bodies and systems 

without consideration of their associated physical properties and the forces acting on them. 

The study is often referred to as the geometry of motion, and it models these motions 

mathematically using algebra.1 

Kinematics is very useful in the conceptual design of mechanical systems. Initial 

geometries and velocities of bodies are a part of the model. While kinematics can help 

determine whether a design is theoretically possible, there are more complexities when 

designing something for the real world. Without consideration of materials, and the forces 

acting upon them, many theoretically possible designs would be prone to failure.1 

2.2. Free fall 

An object that falls through a vacuum is subjected to only one external force, the 

gravitational force, expressed as the weight of the object. An object that is moving only 

because of the action of gravity is said to be free falling and its motion is described by 

Newton’s second law of motion. With algebra we can solve for the acceleration of a free 

falling object. The acceleration is constant and equal to the gravitational acceleration g which 

is 9.8 meters per square second at sea level on the Earth. The weight, size, and shape of the 

object are not a factor in describing a free fall. In a vacuum, a beach ball falls with the same 

acceleration as an airliner.2



3
“Derivative.” Encyclopædia Britannica, Encyclopædia Britannica, inc., 1 Dec. 2023, 

www.britannica.com/science/derivative-mathematics.  
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2.3. Mathematical aspect of kinematics with regard to derivative 

Derivative, in mathematics, the rate of change of a function with respect to a variable. 

Derivatives are fundamental to the solution of problems in calculus and differential equations. 

In general, scientists observe changing systems (dynamical systems) to obtain the rate of 

change of some variable of interest, incorporate this information into some differential 

equation, and use integration techniques to obtain a function that can be used to predict the 

behavior of the original system under diverse conditions.3 

Geometrically, the derivative of a function can be interpreted as the slope of the graph 

of the function or, more precisely, as the slope of the tangent line at a point. Its calculation, in 

fact, derives from the slope formula for a straight line, except that a limiting process must be 

used for curves. The slope is often expressed as the “rise” over the “run,” or, in Cartesian 

terms, the ratio of the change in y to the change in x. For the straight line shown in the figure, 

the formula for the slope is (
𝑦1−𝑦0

𝑥1−𝑥0
). Another way to express this formula is 

 
𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥0+ℎ)−𝑓(𝑥0)

ℎ
, if h is used for 𝑥1 − 𝑥0 and 𝑓(𝑥) for 𝑦. This change in notation is 

useful for advancing from the idea of the slope of a line to the more general concept of the 

derivative of a function.
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Figure 1: The derivatives and integrals of displacement 

2.4. Explanation of the experiment with regard to similar, more basic counterparts 

The equation of friction force and force of gravity is a basic concept of motion that is 

used for teaching forces, coefficient of dynamic friction and equilibrium. It is done as an 

experiment which is done similar to the one investigated in this essay, or by tethering two 

blocks together, letting one fall while the other one slows or stops it by its frictional force 

against gravitational force acting on the first block. Though falling chain seems no different, it 

adds the factor of mass change into the equation, resulting in change of velocity. This is used 

fairly common to teach the basic concepts of displacement with the omission of opposing 

forces such as frictional forces. When added, these add a huge amount of complexity to the 

equation. Even though it seems similar without any equation, when added, you realize that it 

is far more complex to calculate how it truly moves in detail. This experiment is also worked 

out just by the addition of sliding frictional force. Even though it is better to work out the 

equation with the addition of air resistance, it is not possible to go into that much detail is 

such an investigation.  
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3. METHODOLOGY 

3.1. Variables 

Table 1. Variable Table 

Type of variable Variable identified Method for changing/ 

observing/controlling 

Independent Variables Rate of change in mass of 

the falling part of the chain  

As the chain is falling, this variable 

changes over time. So as there is only 1 

experiment repeated over for minimizing 

error, our independent variable is the 

mass at a given time. It is not possible to 

calculate the instantaneous rate of 

change, so the relation between falling 

and not falling parts of chain is found 

with acceleration instead. 

Dependent Variables Rate of change of vertical 

velocity of the falling part 

of the chain  

As the mass of falling part of the chain 

increasing, mass of  the part on the table 

is decreasing. These show us that the 

acceleration of the chain is both positive 

and also increasing over time.  

Control Variables Coefficient of dynamic 

friction between the chain 

and the table 

 

Total mass of the chain 

Gravitational acceleration 

This variable will be calculated and 

pointed on: Exploration-Calculation of 

the force of friction between wooden 

table and metal chain 

Other control variables are all kept to 

minimize the error percentage.  

 

3.2. Apparatus and Materials needed for the main experiment 

• Metal chain  

• Smooth horizontal surface (table) 

• Tape measure (±0.05 𝑐𝑚) 

• Digital camera capable of recording slow motion videos 

• LoggerPro software 

• Desmos graphing calculator 
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3.3. Labeled Diagram and Experimental Setup

 

Figure 2: Labeled diagram of the experimental setup 

 

Figure 3: Scheme of the experiment 

ms → total mass of chain left on the surface of the table 

mf → total mass of chain free falling 

𝐹𝑛𝑒𝑡 =  𝐹2 –  𝐹1 

(𝑚𝑓 + 𝑚𝑠)𝑎 = 𝑚𝑓𝑔 − 𝜇𝑚𝑠𝑔 
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(𝑚𝑓 + 𝑚𝑠)𝑎 = 𝑔(𝑚𝑓 − 𝜇𝑚𝑠) 

𝑚𝑡𝑜𝑡𝑎𝑙 = 𝑚𝑓 + 𝑚𝑠     stays constant 

𝑎 ∝  𝑚𝑓 − 𝜇𝑚𝑠 

𝑚𝑓 is increasing in increasing order, 

𝑚𝑠 is decreasing in increasing order, 

So, 𝑎 is increasing in increasing order. 

Thus, we can theorize that a-t graph is either a quadratic or a higher polynomial function.  

3.4. Experimental Procedure 

3.4.1. Procedure for the Primary Investigation with the Metal Coin 

As of starting the experiment, we will carry out a series of equations to calculate our 

graphs. But before the calculation, we will need to know the certain coefficient of dynamic 

friction. For this reason, before starting the main experiment, the calculation of coefficient of 

friction is done. 

Calculation of the force of friction between wooden table and metal chain 

This part is the primary experiment to find the coefficient of dynamic friction to be 

able to work out the equations on the main experiment.  

In this experiment, we will find the coefficient of dynamic friction between the 

wooden table and metal chain that will be used. As the main part of this experiment is to look 

at the coefficient between wood and metal, we could use a coin of same metal type. The 

apparatus needed for this experiment are:  
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• A metal coin 

• Table which will be used for the main experiment 

• Chronometer  

• Tape measure (±0.05 𝑐𝑚) 

 

The procedure is as follows:  

1. Put the tape measure down starting from the side of the table.  

2. Put the coin near the tape measure where its middle point aligns with the 0 on the 

measure and is on the edge of the table.  

3. Hit the coin through the table and have someone record the movement from the start 

(hitting the coin) until the end (stopping of the coin).  

4. Repeat step 3 two more times. 

5. Create velocity-time (v-t) graphs and calculate the average acceleration. 

6. Work out force equations to calculate the coefficient of dynamic friction.  

3.4.2. Experimentation 

 

Figure 5: The falling chain experiment model. 
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1. Coefficient of dynamic friction between the table and the chain is found by a different 

experiment made with pushing the coin on the surface of the table. (The procedure for 

this calculation will be detailed in: Exploration-Calculation of the force of friction 

between wooden table and metal chain) 

2. Main experiment is held by recording the chain falling from the side of a table with 

the ruler standing vertically to show the displacement according to time. 

3. The step 2 is repeated 4 more times. 

4. Using LoggerPro video analysis tool, instances were taken from each video with 10 

frames of gap between and displacement-time graphs were created separately for one 

by pointing lower tip of the chain in each interval (instances were taken between the 

hand leaving the chain and the tip of the chain hitting the ground.) 

5. The change in the length of chain falling per time graph (x-t graph) is drawn. 

6. Velocity-time (v-t) graph taken from the LoggerPro. 

7. Further derivatives of displacement are calculated by Desmos graph calculator until a 

horizontal line is reached.  

8. The results are commented, stating why that number of derivatives were reached. 

3.5. Qualitative observations 

In this experiment to measure the dynamic friction coefficient of the table an experiment 

with metal coin is conducted by hitting the metal coin to measure its distance taken and time 

taken until it stops. During this measurement the subject of the study or in other saying the 

conductor should be aware to align the coin in a straight way to prevent possible deviations 

from a linear line until it stops. Moreover, in the other part of the experiment working with 

metal chain, the conductor should try to find the position of the chain to start its motion from 

the table to reach the floor by observing its dynamics such as how it has curves, how it 

turns around. 
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3.6. Risk Assessment and Environmental Approach 

This experiment was not a risky experiment because there was no usage of sharp, 

fragile, or risky materials. The metal chain used during the experimental procedure is chosen 

as a very light one to reduce the possible results of harming the floor after falling on it. When 

it comes to the environmental approach of the experiment, it was an environmentally friendly 

experiment due to no hazardous waste output and all the materials used in the experiment 

were reusable. 

4. DATA COLLECTION AND PROCESSING 

4.1.Raw Data for the Primary Investigation to Find Dynamic Friction Coefficient 

 

Figure 5: The coin toss experiment model. 
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Table 2. Raw data table 1 

Time interval for the metal coin to stop after it is hit 

(sec)    (±0.01 𝑠) 

Distance taken for the coin until it stops 

  (cm)  (±0.05 𝑐𝑚) 

1.00 88.00 

0.90 72.00 

1.20 109.00 

Then, the velocity-time (v-t) graphs are created. 

Graph 1.  v-t graph of metal coin (1st trial)            Graph 2. v-t graph of metal coin (2nd  trial) 

 

 

 

 

 

Graph 3. v-t graph of metal coin (3rd  trial) 
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4.1.1. Justification of the Uncertainty of the Raw Data 

• For the length measurements a tape measure is used, and because of it is a manual 

reading the half of the smallest increment which is 0.05 cm taken as the absolute 

uncertainty. 

• For the time measurements chronometer of a mobile phone is used, and the smallest 

reading which is 0.01 s taken as the absolute uncertainty. 

 

 

4.2.Processed Data for the Primary investigation with Metal Coin 

To find the coefficient of dynamic friction, we would need to find the force of friction and 

then equate it to the general force formula.  

𝑣𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑡

2
= 𝑥 

Table 3. Processed data table 1 

 Measured displacement of metal 

coin until it stops 

(cm) (±0.05 𝑐𝑚) 

Measured time for the metal 

coin until it stops 

 (s)  (±0.01𝑠) 

 

Calculated initial velocity for the 

metal coin until it stops 

(m s-1)  (±%0.99) 

x1= 88.00 cm t1=1.00 s v1=1.76 ms-1 

x2=72.00 cm t2=0.90 s v2=1.60 ms-1 

x3=109 cm t3=1.20 s v3=1.82 ms-1 

xavg= 89.67 cm (±%0.16) tavg= 1.03 s (±%2.91) vavg= 1.73 ms-1 (±%3.07) 

 

From the value of the gradient, the experimental values of a1, a2 and a3 are calculated.  
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Table 4. Processed data table 2 

From 
𝑣1

𝑡1
 

 

From 
𝑣2

𝑡2
 

 

From 
𝑣3

𝑡3
 

 

Average 

acceleration  

 

a1=1.76 ms-2 a2=1.77 ms-2 a3=1.51 ms-2  aavg=1.68 ms-2 

(±%5.98) 

 

Even though the acceleration is found directly through each trial, average values are used to 

find error percentages to minimize the uncertainty 

Using newton’s second law, we could find the constant between the object. 

𝐹𝑛𝑒𝑡 =  𝑚𝑎 

𝐹𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = 𝑚𝑎 

µ𝑚𝑔 = 𝑚𝑎 

µ𝑔 = 𝑎                         

 (𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑔 = 9.81 𝑚 𝑠−2) 

Finally, we could reach the coefficient of dynamic friction between our coin and the wooden 

table is: 

9.81µ = 1.68 

µ = 0.17 

Using the uncertainty reached from acceleration uncertainty, we can find the uncertainty 

for µ. 

0.17 ×  
5.98

100
= ±0.0102 
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4.3. Raw Data for the Main Experiment 

During the main experiment, values for the chain’s movement on both axes are given on 

the position-time tables. But as the x value is the horizontal movement of the chain which 

is irrelevant for the experiment, it is omitted during data analysis and only vertical 

movement (y value) is processed. 

4.3.1. x and y positions and velocity on y-axis graphs of the metal chain obtained from 

Logger Pro 3 video analysis tool  

Graph 4. x and y positions of the first data set (Trial 1) 

 

Graph 5. Velocity on y axis vs. time graph (Trial 1) 

 

Table 5. Raw data table for 1st trial 
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Graph 6. x and y positions of the first data set (Trial 2) 

 

Graph 7. Velocity on y axis vs. time graph (Trial 2) 

 

Table 6. Raw data table of 2nd trial 
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Graph 8. x and y positions of the first data set (Trial 3) 

 

Graph 9. Velocity on y axis vs. time graph (Trial 3) 

 

Table 7. Raw data table of 3rd trial 
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Graph 10. x and y positions of the first data set (Trial 4) 

 

Graph 11. Velocity on y axis vs. time graph (Trial 4) 

 

Table 8. Raw data table of 4th trial 
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Graph 12. x and y positions of the first data set (Trial 5) 

 

Graph 13. Velocity on y axis vs. time graph (Trial 5) 

 

Table 9. Raw data table of 5th trial 
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4.4. Processed Data for the Main Experiment 

To create a usable data gathering all trials together, we need to use a formula to get the 

mean of all (v-t) graphs provided. For this, the simple mean formula is used: 

𝑓𝑎𝑣𝑔(𝑥) =
𝑓1(𝑥) + 𝑓2(𝑥) + ⋯ 𝑓𝑛(𝑥)

𝑛
 

The mean velocity-time function is: 

 𝑦 = 𝑣(𝑡) = (−0.7676 + 3.1580𝑡 − 5.3864𝑡2 + 2.101𝑡3)𝑚𝑠−1 

An important thing to mention for investigating the movements is that for such 

experiment, mathematical derivation is used to find the graphs by hand rather than 

using applications to find x-t, x-t2, x-t3 graphs and so on as it will be more accurate to 

investigate a function obtained by hand. 

During following graphs, error bars are not used as they are created using Desmos 

Graph Calculator; however, error percentages are given under each graph 

Graph 14. The mean velocity with respect to time function retrieved from the five 

trials prepared in Desmos Graphing Calculator (the black line among red ones) 
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By derivating this function, we are able to reach acceleration. The mean acceleration-

time function is: 

𝑑𝑦

𝑑𝑡
=

𝑑𝑣

𝑑𝑡
= 𝑎(𝑡) = (3.1580 − 10.7728𝑡 + 6.303𝑡2)𝑚 𝑠−2 

 

Graph 15. The mean acceleration with respect to time function retrieved from the 

derivative of the velocity with respect to time prepared in Desmos Graphing 

Calculator  

 

The next derivation gives us jerk, the rate of change of acceleration per unit time.  

𝑑2𝑦

𝑑𝑡2
 =

𝑑2𝑣

𝑑𝑡2
= 𝑗𝑒𝑟𝑘 = 𝑗(𝑡) = (−10.7728 + 12.606𝑡) 𝑚 𝑠−3 

Graph 16. The mean jerk function retrieved from the derivative of the acceleration 

with respect to time prepared in Desmos Graphing Calculator  
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With the final derivation, we reach jounce. 

𝑗𝑜𝑢𝑛𝑐𝑒 =
𝑑𝑣3

𝑑𝑡3
 =  12.606 𝑚 𝑠−4 

 

Graph 17. The mean jounce function retrieved from the derivative of the jerk with 

respect to time prepared in Desmos Graphing Calculator  

 

Graph 18. The demonstration of the all the functions obtained for velocity, 

acceleration, jerk and jounce in one figure with prepared in Desmos Graphing 

Calculator  

 

 

 

Table 10. All values of displacement used to interpret the resultant movement  
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𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦: 𝑣(𝑡) = (−0.7676 + 3.1580𝑡 − 5.3864𝑡2 + 2.101𝑡3)𝑚 𝑠−1 

𝐴𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛: 𝑎(𝑡) = (3.1580 − 10.7728𝑡 + 6.303𝑡2)𝑚𝑠−2 

𝐽𝑒𝑟𝑘 = 𝑗(𝑡) = (−10.7728 + 12.606𝑡) 𝑚𝑠−3 

𝑗𝑜𝑢𝑛𝑐𝑒 =  12.606 𝑚𝑠−4 

 

5. DATA EVALUATION AND CONCLUSION 

5.1.Interpretation of the Experimental Data Presented in Tables and Graphs 

With the primary experiment, the dynamic friction coefficient is found. Even though it 

is not possible to evaluate the extensive mass change rate as it is not possible without 

specialized gear, the result achieved from that part of the experiment was that the change in 

the mass of part of chain on the surface of the table was 0.17 times as effective in increasing 

the velocity of the chain than the increase in free falling part does.  

The result reached finally was consistent with the hypothetical formula, giving us a 

non-linear acceleration. As stated before, the acceleration is increasing because the force 

creating the acceleration is increasing and the resisting force is decreasing simultaneously and 

during this change, an increase in one causes a decrease in the other, making this change 

increase over time. 

When we look at graph 17, it shows us that jerk is increasing over time even though it 

is negative at t=0 , and with the addition of graph 16, we can say that acceleration is 

decreasingly decreasing (first decreasing, and then becomes an increase). Thus, it is possible 

to interpret from the main formula that because of the dynamic friction coefficient, decreasing 

resistive force is decreasing at a slower pace than the motion inducing force, so the 

gravitational force was creating an increase in velocity.  
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The theoretical “positive velocity” part of the graph is created because of this 

decreasing resistive force. Even though it is not possible because mass could not be negative 

as well as a chain could not start magically flying, the graph is suitable for calculation until 

there is no part left on top of the table. It this case, a constant acceleration will be reached as 

the only force affecting on the chain will be gravity. 

Another important part of the experiment was the correlation coefficients of trials of 

the main experiment’s functions. As a coefficient of 1 means totally accurate results and an 

experiments aims to get close to 1 as much as possible, our correlation coefficients which are 

ranging from 0.9776 to 0.7593 are proven to be mostly accurate, with some cases of high 

error margins being present. The possibilities for these margins will be discussed in the topic 

“5.2.Error Analysis and Sources of Errors”. 

5.2.Error Analysis and Sources of Errors 

In this investigation, the margins of error are not possible to find specifically, with the 

exception of coefficient of dynamic friction which is not sufficient to find the uncertainty of 

acceleration as rate of change of mass in not possible to measure. However, the correlation 

coefficients are another suitable way of measuring errors in such experiments. When looked at 

this investigation, it is seen that the coefficients are ranging from 0.9776 to 0.7593. This 

shows us that even though there is sufficient relation, random errors could impact the 

measurements largely. 

 Another justification for this are the root mean squared error margins. Even though they 

look small numerically, when the scale of the investigation is taken into account, it is possible 

to say that some amount of error is present which range from simple human errors such as 

reaction time and calculation limits to more systematic errors which could be exemplified as: 
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some of the force is lost due to horizontal changes even though it is theorized that all force 

will be applied vertically.  

5.3.Strengths of the Experiment 

One of the strengths of the experiment is the mathematical approach of the interpretation. 

Even in IB HL Physics curriculum the calculus-based application of physical structures are 

not widely found, and this experiment offers a deep understanding for the changing patterns 

of acceleration with respect to time and interpreting these types of motion with differential 

equations. Another strength is demonstrating an engineering model for real life examples of 

falling chain and its cascading motion while increase in acceleration in time. 

5.4.Weaknesses of the Experiment and Suggestions for Improvement 

When it comes to weaknesses of the experiment, for the analysis of the motion of the 

falling metal chain there is usage of video analysis tool of Logger Pro 3 Software by 

embedding the video in the software, however for more accurate analysis of the motion a 

force sensor could be used. And also, the dynamic friction coefficient of the wooden table is 

calculated with the measurements done by hitting the metal coin and observing its motion 

until it stops. Instead of this procedure a device called COF-Tester could be used directly 

measure the dynamic friction of the surface of the wooden table. 

5.5.Further Investigations 

As the topic of higher derivatives of displacement is a highly specific topic that is needed 

in areas of science where even the slight difference in any data is important, it is mostly 

overlooked by majority of people. An example that could be given such as the one used in this 

investigation is researching a rocket travelling through empty space, in which even the 

slightest change in a variable is crucial. This subject could be used to calculate the fuel that 

needs to be used as when fuel gets burnt, that thrust creates a movement, but also as fuel tank 
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gets emptier, it also makes it easier to speed up. When looked at this scale, this topic would 

help us shape the volume of fuel tanks in spaceships or calculate the time we need to go from 

a planet to another. 
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